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We obtain a class of regular black hole solutions in four-dimensional f(R) gravity, R being the
curvature scalar, coupled to a nonlinear electromagnetic source. The metric formalism is used and
static spherically symmetric spacetimes are assumed. The resulting f(R) and nonlinear electrody-
namics functions are characterized by a one-parameter family of solutions which are generalizations
of known regular black holes in general relativity coupled to nonlinear electrodynamics. The related
regular black holes of general relativity are recovered when the free parameter vanishes, in which
case one has f(R) ∝ R. We analyze the regularity of the solutions and also show that there are
particular solutions that violate only the strong energy condition
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I. INTRODUCTION
The theory of general relativity (GR) has passed many experimental and observational tests and is widely accepted
as the best theory of gravitation. Even with such a success, there are some aspects in GR to be better understood. In
this sense, the prediction of spacetime singularities and the difficulty to be quantized through standard methods are
two important issues to be mentioned. The singularity problem is connected to the existence of black holes, which
are probably the most intriguing objects predicted by GR. In the simplest case, the Schwarzschild black hole, the
spacetime presents an event horizon which hides a curvature singularity inside of it. More generally, if the matter-
energy content of the spacetime satisfies some reasonable physical conditions, the so-called energy conditions, the
singularity theorems of GR [1] assure that the singularity is inevitable. Even though the singularity can be hidden
by the presence of an event horizon, which protects the exterior world, its own presence signals the breakdown of the
physical laws. In other words, a good physical theory should be free of singularities. It is believed that a complete
theory of quantum gravity would have such a good property, but such a theory does not exist yet. Hence, while a
theory of quantum gravity is not formulated, good strategies to get rid of singularities is to search for alternative
matter-field models within GR, and to search for alternative theories of gravity that are free of singularities.
Within GR, singularities can be avoided if the energy conditions assumed by the singularity theorems are somehow
violated. In the case of black holes, the singularity can be replaced by a regular region filled by some kind of matter
or field that violates at least the strong energy condition. In fact, the matter content of the first regular black hole
solution found in GR is such that, near the center, it satisfies a de Sitter type equation of state p = −ρ, with ρ and
p being the energy density and the pressure of an effective perfect fluid model representing the energy-momentum
tensor of the Bardeen black hole [2]. It clearly violates the strong energy condition. As a matter of fact, a perfect
fluid satisfying a de Sitter equation of state has long been suggested to solve the cosmological singularity problem [3].
A wide class of regular black holes solutions found in the literature follows this idea, the singularity being replaced
by a regular distribution of matter satisfying a de Sitter type equation of state at least at the central core. The class
of solutions that followed Bardeen’s idea evolved towards models whose source is the energy-momentum coming from
some kind of nonlinear electromagnetic theory (see, e.g., [4], see [5] for a review). A second very interesting class of
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2regular black holes followed precisely the idea of modeling the matter content by a perfect fluid obeying the relation
p = −ρ (see, e.g., [6]).
The singularity problem in GR is linked to the important observational result that the Universe is in a phase of
accelerated expansion, as first inferred from type Ia supernovae data [7] and confirmed by several other tests (see, e.g.,
[8] for reviews). Considering a Friedman-Lamaˆıtre-Robertson-Walker cosmological spacetime fulfilled by a perfect
fluid, in order to have an accelerated expansion, Einstein equations require the perfect fluid to satisfy the condition
ρ+ 3p < 0, where ρ and p are respectively the energy density and pressure of the fluid. More than that, in the cosmic
concordance model, namely, the ΛCDM model, the perfect fluid model for the dark energy satisfies p = −ρ. Assuming
an equation of state in the form p = ωρ, several cosmological tests indicate that the present accelerated phase of the
Universe requires ω . −1 [9]. These facts motivated more studies on regular black holes modeled by de Sitter like
and phantom matter fields [10] (see also [6]).
Beyond GR there are many proposals of alternative theories of gravity. Besides trying to solve the singularity
problem and to avoid introducing matter with nonstandard physical properties, alternative theories have been proposed
to account for quantum corrections in the action. A well established proposal is the f(R) gravity [11, 12] which replaces
the Einstein-Hilbert Lagrangian density by a general function of the Ricci scalar R. The already mentioned issue of
an accelerated cosmological expansion phase motivated also several other proposals which are still being developed.
Worth of mentioning are the f(R,Θ) [13], the f(G) [14], the f(R,G) [15], and the f(R,Θ, RµνΘ
µν) [16] gravity
theories. In this notation, G stands for the Gauss-Bonnet term, Θµν and Θ represent the energy-momentum tensor
and its trace, respectively, and Rµν is the Ricci tensor. There are many applications of such generalized f(R) gravity
theories in cosmological models (see the reviews of Refs. [11, 12], see also [17]). Similarly, in the context of the
Teleparallel Theory of gravity (TTG) [18] there are also analogous models that modify the standard TTG into more
general theories. The f(T ) theory is the analogous of the f(R) gravity whose modification was introduced to try to
account for the same problems of GR (see [19] for a list of references). Further generalizations are the f(T,Θ) [20],
the f(T, TG) [21], and the f(T ) gravity theories [22]. For a review on the applications of modified theories of gravity
see, e.g., Ref. [23] (see also [24]).
On the other side, considering matter and fields models, the Maxwell electromagnetism is also a very well estab-
lished theory that has passed all the experimental tests. But, with the aim of avoiding divergent terms in quantum
electrodynamics, Born and Infeld [25] proposed a modified version of the Maxwell theory which, together with other
generalizations, is dubbed the nonlinear electrodynamics (NED) [26]. When coupled to GR, the NED theory produces
regular black hole solutions where the singularity is avoided by a regular distribution of the (new) electromagnetic
field that fulfills the central core of the black hole. In fact, construction of regular solutions of GR coupled to NED
has been largely studied in the literature [27]. This fact motivates the construction of regular black hole solutions in
the new (generalized) gravity theories coupled to the generalized models for matter fields, since it is a natural way to
investigate the properties of the new theories in the strong field regime.
Within f(R) gravity theories many black hole solutions are found in the literature, either using the metric formalism
[28] or the Palatini formalism [29]. Yet, in order to find regular black hole solutions, special kinds of matter are needed.
For instance, nonlinear electromagnetic and Yang-Mills fields are considered as sources to build regular f(R) gravity
black holes. In other cases, including electric charge, the matter distribution must satisfy particular conditions,
generating a wormhole type structure avoiding thus the central singularity.
Motivated by the scenario summarized above, in the present work we follow the idea of coupling a nonlinear
electrodynamics (NED) to the chosen (new) gravity theory, and establishing a method to find exact solutions in such
a way to be able to built regular black hole solutions within such a theory.
The paper is structured as follows. In Sec. II the basic equations for the f(R) theory minimally coupled to a
general electromagnetic action are presented, a spherically symmetric static metric is chosen and the explicit field
equations for the metric functions and electromagnetic field are given in terms of a Schwarzschild radial coordinate
r. Section III is devoted to present new regular black holes solutions, it is divided into four subsections. In the first
subsection, III A, after making a simplifying hypothesis, the only relevant metric coefficient is written in terms of a
generic mass function M(r). Function fR, that is the derivative of f(R) with respect to R, is integrated resulting in a
linear function of the radial coordinate. All the relevant equations are then written in terms of M(r) and the energy
conditions are written explicitly in terms of the effective energy-momentum tensor of the theory. In subsection III B,
we show that the ansatz for M(r) reproduces the Reissner-Nordstro¨m black hole solution in the particular case where
fR = 1, verifying the consistency of the procedure used to generate the exact solutions. Subsection III C is reserved
to present a solution which has two horizons and is regular throughout the spacetime. A particular form of M(r) is
chosen in order to produce regular black holes, as known from previous works. The solution is new in the sense that
it is the first of this class within f(R) gravity coupled to NED theories. The solution is analyzed in some detail and
it is shown that the weak energy condition is violated in the central region of the spacetime inside the event horizon.
A careful analysis of the regularity and asymptotic behavior of this solution is performed in Sec. A 1 of Appendix A.
In subsection III D, a second solution representing a regular black hole in f(R) coupled to NED theory is presented
3and analyzed. In this case, only the strong energy condition is violated inside the event horizon. The regularity of
the solution at the asymptotic limit (spatial infinity) of this solution is considered in Sec. A 2 of Appendix A. In Sec.
IV we make final remarks and conclude.
II. THE EQUATIONS OF MOTION IN f(R) GRAVITY
The f(R) gravity is a generalization of GR which in the metric formalism is obtained from the action (we follow
the sign conventions of Ref. [12]).
Sf(R) =
∫
d4x
√−g [f(R) + 2κ2Lm] , (1)
where g stands for the determinant of the metric gµν , f(R) is a given function of the Ricci scalar R, Lm represents the
Lagrangian density of the matter and other fields, and κ2 = 8piG/c4, with G and c being the Newton’s gravitational
constant and the speed of light, respectively (from now on we choose units such that G = 1 and c = 1). Varying
action (1) with respect to the metric it results
fRR
µ
ν −
1
2
δµν f +
(
δµν− gµβ∇β∇ν
)
fR = κ
2Θµν , (2)
where fR ≡ df(R)/dR, Rµν is the Ricci tensor, ∇ν stands for the (metric compatible) covariant derivative,  ≡
gαβ∇α∇β is the d’Alembertian, and Θµν is the matter energy-momentum tensor.
In the present work we consider a nonlinear electrodynamics (NED) model coupled to the f(R) gravity, so that
the Lagrangian density for the matter fields in the action (1) may be particularized as Lm ≡ LNED(F ), where
F = (1/4)FµνFµν , and with Fµν being the Faraday-Maxwell tensor (here we neglect the electromagnetic sources). In
such a case, the energy-momentum tensor is written as
Θµν = δ
µ
νLNED −
∂LNED(F )
∂F
FµαFνα . (3)
The canonical energy-momentum tensor of the Maxwell theory follows in the particular case where LNED ≡ F .
The Faraday-Maxwell tensor may be given in terms of a gauge potential in the usual form Fµν = ∂µAν − ∂νAµ.
Then, varying action (1) with respect to the potential Aµ one gets a generalized version of the Maxwell equations
∇µ [FµνLF ] ≡ ∂µ
[√−gFµνLF ] = 0 , (4)
where LF = ∂LNED/∂F .
Furthermore, taking the trace of Eq. (2) one gets
fRR− 2f + 3fR = κ2Θ , (5)
where Θ ≡ gµνΘµν = 4LNED − FLF .
We then consider a spherically symmetric and static spacetime, whose line element, in Schwarzschild-like coordi-
nates, reads
ds2 = ea(r)dt2 − eb(r)dr2 − r2 [dθ2 + sin2 θdφ2] , (6)
where a(r) and b(r) are arbitrary functions of the radial coordinate r alone. With this, the electromagnetic source is
the electric charge only, and the magnetic parts of the Faraday-Maxwell tensor Fµν vanish identically. Moreover, due
to the symmetry the only nonzero component is electric intensity F 10(r) [30]. Hence, we can integrate the resulting
equation from (4) for ν = 0 to get,
F 10(r) =
q
r2
e−(a(r)+b(r))/2L−1F (r) , (7)
where q is an integration constant representing the electric charge of the source.
4The equations of motion for the f(R) gravity coupled to a NED are then found by using the line element (6), the
Faraday-Maxwell tensor (7), the energy-momentum (3), and the equations of motion (2),
e−b
4r
{
4r
d2fR
dr2
+ 2 [4− rb′] dfR
dr
+
[
ra′b′ − 2ra′′ − r(a′)2 − 4a′]fR + 2rebf}
= −κ2
[
LNED + q
2
r4
L−1F
]
, (8)
e−b
4r
{
2 [4 + ra′]
dfR
dr
+
[
(4 + ra′)b′ − 2ra′′ − r(a′)2] fR + 2rebf}
= −κ2
[
LNED + q
2
r4
L−1F
]
, (9)
e−b
2r2
{
2r2
d2fR
dr2
+ [r2(a′ − b′) + 2r]dfR
dr
+ [r(b′ − a′) + 2(eb − 1)]fR + r2ebf
}
= −κ2LNED, (10)
where the prime (′) stands for the total derivative with respect to the radial coordinate r.
To be complete, we stress that Eq. (5) is satisfied by any solution of Eqs. (8)-(10). This can be shown explicitly by
combining these three equations and noticing that the Ricci scalar for the present case is given by
R = e−b
[
a′′ + (a′ − b′)
(
a′
2
+
2
r
)
+
2
r2
]
− 2
r2
. (11)
In the next section we shall solve of Eqs. (8)-(10) and present the first solutions of regular black holes in the f(R)
gravity coupled to a nonlinear electrodynamics theory.
III. NEW REGULAR BLACK HOLE SOLUTIONS
A. Simplifying hypothesis and the ansatz for the mass function
Once the spacetime geometry is assumed to be static and to carry the spherical symmetry, all the metric function
and fields depend on the radial coordinate only and then the system of differential equations may be further simplified
by making suitable hypotheses. Now, by subtracting Eq. (9) from Eq. (8) it results
e−b
2r
[
2r
d2fR
dr2
−
(
r
dfR
dr
+ 2fR
)
(a′ + b′)
]
= 0. (12)
This is a second-order ordinary differential equation for fR, whose general solution can be found once functions a(r)
and b(r) are known. However, these two function are found in general just by solving the complete nonlinear system of
coupled equations resulting from Eqs. (8), (9), and (10) after specifying the NED Lagrangian. Since we are interested
in black hole solutions, the usual strategy at this point is to make an ansatz that leads to that kind of solutions. An
interesting choice is to fix the following relation
b(r) = −a(r). (13)
Such a relation is a consequence of the field equations in GR, but that is not the case in f(R) gravity theories, where
such a choice represents a further constraint on the possible solutions. By fixing the metric coefficients as given in (13),
equation (12) becomes
e−b(r)
d2fR
dr2
= 0 . (14)
The general solution of such an equation, for e−b(r) 6= 0, is given by the expression
fR(r) = c1r + c0 , (15)
where c1 and c0 are integration constants. Within the class of spherically symmetric systems, this approach has
recurrently been used to find new solution of f(R) gravity theories (see, e.g., Eq. (12) of [39] and Eq. (15) of [40]).
5Here it is then seen that the solution (15) leads to a simple generalization of GR theory. In the case with c1 = 0 and
c0 = 1, we recover GR, since the integration of Eq. (15) would furnish f(R) = R. On the other hand, in the general
case when c1, c0 6= 0 and once the function a(r) and b(r) are given, Eq. (11) can be inverted to write r as a function
of R, r ≡ r(R), and finally the integration of (15) yields
f(R) = c0R+ c1
∫
r(R)dR, (16)
where we have set an integration constant to zero. From Eq. (16) it is clearly seen that the second term is the
responsible for the contributions to the f(R) gravity beyond the standard GR, including possibly nonlinear terms on
the Ricci scalar R.
The linear dependence of fR on r in Eq. (15) implies it is an unbounded function at the asymptotic limit r → +∞.
However, as we show explicitly in Appendix A, for the particular solutions presented in this work, such an unbounded
value implies no divergence in any of the physical and geometric quantities of the corresponding spacetimes. In fact, all
the equations of motions, curvature invariants, and effective energy-momentum tensor components are well behaved
at the asymptotic limit r → +∞.
For the spherical geometry, specially when dealing with asymptotically flat spacetimes, it is convenient to introduce
a mass function M(r) through the ansatz
e−b(r) = 1− 2M(r)
r
, (17)
where M(r) satisfies the condition limr→0[M(r)/r] → 0. This is a necessary condition in order to find solutions
which are regular at the center r = 0. We also assume that M(r) tend to the ADM mass at infinity, namely,
limr→+∞M(r) = m, with m being the ADM mass.
In terms of the mass function M(r), the Ricci scalar (11) assumes the form
R(r) = − 2
r2
[2M ′(r) + rM ′′(r)] . (18)
At this point we may solve equations (8)-(10) for LNED and LF in terms of M(r) to get
LNED = − 1
2κ2r2
[
r2f(r) + 4c0M
′(r) + 2c1r
]
, (19)
LF = −κ2 q
2
r2
[
(c1r + c0)rM
′′(r)− (2c0 + c1r)M ′(r)− 3c1M(r) + c1r
]−1
. (20)
Furthermore, since fR as a function of r is known from Eq. (15) we may obtain f(r) as
f(r) =
∫
fR(r)
dR(r)
dr
dr (21)
with fR(r) and R(r) being given respectively by Eqs. (15) and (18).
It is seen that all the equations of motion (8)-(10), including the constraint (5), are identically satisfied by taking
into account the set of equations (13), (15), (17), (18), (19), (20) and (21). A last point to be verified is the relation
between the Lagrangian density LNED and its derivative LF . From the definition of LF , one has
LF = ∂LNED
∂F
=
∂LNED
∂r
∂r
∂F
=
∂LNED
∂r
(
∂F
∂r
)−1
. (22)
In order to check if relation (22) is satisfied we first determine the solely nonzero component of the Faraday-Maxwell
tensor F 10, which is interpreted as the electric intensity filed. This can be done by replacing Eqs. (13), (17), and (20)
into Eq. (7) so that
F 10(r) =
1
qκ2
{
3c1M(r) + (2c0 + c1r)M
′(r)− r [c1 + (c0 + c1r)M ′′(r)]
}
. (23)
Now, by using the set of Eqs. (13), (15), (17), (18), (19), (20), (21), and the identity F = (1/4)FµνFµν =
(−1/2)ea+b [F 10(r)]2, it is straightforward to show that the constraint (22) is identically satisfied.
Therefore, a new class of solutions of the f(R) gravity is obtained for each given function M(r). In fact, the new
class of solutions depends solely on the function M(r), which must be properly chosen to satisfy some reasonable
6physical conditions. Below we will present some particular choices for M(r) that produce regular black hole solutions
of the f(R) theory coupled to a NED. For each chosen function it results a different nonlinear electrodynamics theory
and a different f(R) theory.
Among the physical conditions a given solution should satisfy there are the so-called energy conditions (EC). In order
to formulate such conditions in an appropriate form, let us rewrite Eqs. (2) in terms an effective energy-momentum
T (eff)µν as follows,
Rµν − 1
2
gµνR = f
−1
R
[
κ2Θµν +
1
2
gµν (f −RfR)− (gµν−∇µ∇ν) fR
] ≡ κ2T (eff)µν . (24)
As defined here, quantity T (eff)µν represents the effective energy-momentum tensor coming from the f(R) gravity that
acts as the effective source term in Einstein equations. It contains the canonical energy-momentum of matter fields,
Θµν , weighted by f
−1
R , and the additional contributions due to the presence of the nonlinear f(R) function in the
Lagrangian density. Based on such alterations of the source terms of Einstein equations, possible changes in the
energy conditions when compared to GR theory are expected.
After performing the identifications T 0(eff)0 = ρ(eff), T 1(eff)1 = −p(eff)r , and T 2(eff)2 = T 3(eff)3 = −p(eff)t , the
energy conditions (EC) are given by (see, e.g., [31] for the EC in GR, and Refs. [32] for studies related to the EC in
f(R) theories)
NEC1,2(r) = ρ
(eff) + p
(eff)
r,t ≥ 0 , (25)
SEC(r) = ρ(eff) + p
(eff)
r + 2p
(eff)
t ≥ 0 , (26)
WEC1,2(r) = ρ
(eff) + p
(eff)
r,t ≥ 0 , (27)
DEC1(r) = ρ
(eff) ≥ 0, (28)
DEC2,3(r) = ρ
(eff) − p(eff)r,t ≥ 0 , (29)
where, in view of the identity WEC3(r) ≡ DEC1(r), one of the conditions is not written.
From Eqs. (24) with metric (6) we find the relations
ρ(eff) =
e−b
4κ2r2fR
{
4κ2r2
[
F 10
]2
ea+2bLF + 4κ2r2ebLNED + 4r2 d
2fR
dr2
+
(
8r − 2r2b′) dfR
dr
+
[
(r2a′ + 4r)b′ + 4eb − 2r2a′′ − r2 (a′)2 − 4ra′ − 4]fR + 2r2ebf} , (30)
p(eff)r = −
e−b
4κ2r2fR
{
4κ2r2
[
F 10
]2
ea+2bLF + 4κ2r2ebLNED + (2r2a′ + 8r)dfR
dr
+
[
(r2a′ + 4r)b′
+4eb − 2r2a′′ − r2 (a′)2 − 4ra′ − 4]fR + 2r2ebf} , (31)
p
(eff)
t = −
e−b
4κ2r2fR
{
4κ2r2ebLNED + 4r2 d
2fr
dr2
+ [2r2(a′ − b′) + 4r]dfR
dr
+
[
(r2a′ + 4r)b′
+4eb − 2r2a′′ − r2 (a′)2 − 4ra′ − 4]fR + 2r2ebf} . (32)
B. Reissner-Nordstro¨m solution
Let us first check the consistency of the model by assuming that the mass function is identical to the case of
Reissner-Nordstro¨m metric in GR coupled to Maxwell electrodynamics theory, namely,
M(r) = m− q
2
2r
, (33)
where m is the ADM mass and q is the electric charge of the source. With this assumption nothing changes with
respect to relations (13) and (17) and, moreover, Eq. (15) is still the general solution of Eq. (14). However, the
7choice given by (33) replaced into Eq. (18) implies in R(r) = 0, and therefore it cannot be used to obtain the relation
r = r(R). Hence, since there is no relation between the radial coordinate r and the Ricci scalar R, the only way to
satisfy Eq. (15) is to take c1 = 0, from what follows fR ≡ c0 and, by using Eq. (16), f(R) = c0R. The equations are
then solved for LNED and LF , i.e.,
LNED = − c0q
2
κ2r4
, LF = κ
2
2c0
. (34)
With such results we get F 10(r) = 2c0q/(κ
2r2) and F = −2c20q2/(κr)4. Since now the nonlinear electrodynamics
turned into the linear Maxwell theory we must have LNED = F , what implies c0 = κ2/2. At the end we are left with
the Reissner-Nordstro¨m solution, i.e.,
a(r) = −b(r) = log
[
1− 2m
r
+
q2
r2
]
, f(R) =
κ2
2
R, (35)
fR =
κ2
2
, F 10 =
q
r2
, LNED = − q
2
2r4
, LF = 1. (36)
Here we have seen that for a given mass function M(r) it follows a particular solution. As a consistency check we
rebuilt the Reissner-Nordstro¨m solution, a solution of the ordinary GR theory coupled to Maxwell electrodynamics,
which is recovered by using the fact that for vanishing Ricci scalar the arbitrary parameter c1 has to be set to
zero. This process may be understood by noticing that the particular choice of M(r) defines the Ricci scalar and,
through Eq. (19), it also gives LNED(F ), determining a particular model of NED theory. As a matter of fact, the
generalization path adopted here restricts the spacetime geometry to the case where the Ricci scalar R is nonzero,
so that it is possible to express the radial coordinate r in terms of the curvature scalar R. For zero Ricci scalar, the
procedure does not apply and alternative routes have to be followed.
In the next two sections we shall see how to obtain solutions for f(R) gravity coupled to NED that may be view
as generalizations of known solutions within GR theory. The solutions reported below are new in the sense that they
are the first regular black hole solutions of the f(R) gravity coupled to a nonlinear electrodynamics theory.
C. First new regular black hole solution
Let us now take the mass function given by
M(r) = me−q
2/(2mr), (37)
where m and q are constant parameters. This model was considered in Ref. [33], and was also analyzed in Ref. [34]
(see Table 1 of such a reference). From Eqs. (37), (13) and (17), it follows
ea(r) = e−b(r) = 1− 2m
r
e−q
2/(2mr) . (38)
As well established, the horizons of a metric of the form (6) are given by the solutions of the equation g11(rH) =
e−b(rH) = 0. Using the Lambert W function [35], which solves the equation W [x]eW [x] = x, it is found that the
horizons radii are given by rH = [−q2/(2m)]/W [−q2/(2m)2]. In fact, the situation in this case is similar to the
Reissner-Nordstro¨m spacetime, there are three possibilities here: (i) two real and positive roots (nondegenerated
case), meaning an event and a Cauchy horizon; (ii) one (degenerated) real and positive root, the event and the
Cauchy horizons coincide; and (iii) no real roots, no horizons. The two cases with one or two horizons are the
interesting ones for the present analysis.
Let us now analyse other properties of the solution generated by the mass function (37).
The Ricci scalar is obtained by replacing Eq. (37) into Eq. (18),
R(r) = − q
4
2mr5
e−q
2/(2mr) . (39)
The Ricci scalar is negative and has a minimum value given by Rmin = −(50000m4)/(e5q6) (with e standing for the
Euler number), which happens at r = q2/(10m). We may invert expression (39) to get
r(R) = − q
2
10m
W−1
[
−1
5
(−q6R
(2m)4
)1/5]
. (40)
8where we have chosen the branch of the Lambert function that produces real non-negative values for r(R). The
minus sign that appears in front of variable R in the argument of the Lambert function guarantees we take the real
and positive solutions for r(R) because the Ricci scalar is negative for all r. It is worth mentioning that R(r) given
by relation (39) is not a one to one function of r, indeed it is a double valued function of r, and so its inverse, the
Lambert function W = r(R), must be dealt with care. Different branches of the Lambert function must be chosen
to recover the whole range of the radial coordinate r. Namely, r = W0(R) to recover the interval q
2/10m ≤ r < ∞
and r = W−1(R) to recover the interval 0 ≤ r < q2/10m. Further difficulties may appear in the points where the
Ricci scalar vanishes, namely, at the center r = 0 and at infinity r →∞. In these points the analysis has to be made
separately (see Sec. A 1 of Appendix A).
Then, substituting (40) into (16) and integrating the resulting expression we get
f(R) = c0R− c1 q
2R
6250m
W−5
[
−1
5
(−q6R
(2m)4
)1/5]{
− 6 + 625W 4
[
−1
5
(−q6R
(2m)4
)1/5]
+125W 3
[
−1
5
(−q6R
(2m)4
)1/5]
− 75W 2
[
−1
5
(−q6R
(2m)4
)1/5]
+ 30W
[
−1
5
(−q6R
(2m)4
)1/5]}
. (41)
Taking the derivative of the last expression with respect to R we find
fR(R) = c0 − c1q
2
10m
W−1
[
−1
5
(−q6R
(2m)4
)1/5]
. (42)
The behavior of functions f(R) and fR(R) is shown in Fig. 3 but before analyzing it we present the analytical
expressions of the other interesting functions.
Let us now turn attention to the electromagnetic source. The nonzero component of the Faraday-Maxwell tensor
follows by replacing M(r) from Eq. (37) into Eq. (23). The result is
F 10(r) = −e
−q2/(2mr)
4κ2mqr3
{
c1r
[
q2(q2 − 6mr)− 4mr2
(
3m− req2/(2mr)
)]
+c0q
2(q2 − 8mr)
}
. (43)
The final step is to build the Lagrangian density LNED(F ) in terms of the invariant F . Since there is not a closed
(analytical) expression for that functional, we will show its behavior by means of a parametric plot (see Fig. 2).
Let us then analyse further the solution through numerical calculations. First, it is seen that the solution is regular.
In fact, in order to test for curvature singularities in a spacetime described by a metric of the form (6), it is sufficient
to analyse the Ricci and Kretschmann scalars. The Ricci scalar R(r) given in Eq. (39) is clearly regular throughout
the spacetime. A graphic of R(r) is shown in the left panel of Fig. 1. The Kretschmann scalar for the solution (38)
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Figure 1: Graphical representation of functions R(r) (left) and K(r) (right), in the nondegenerated case, for the
values {m = 80, q = 10, c0 = 1, c1 = 2, κ2 = 8pi} of the solution (38). The minimum value of the Ricci scalar is
Rmin = −13, 799.3, and is located at r = 1/8. The maximum of the Kretschmann scalar is Kmax = 3.78138× 107,
and it happens at r = 0.11137.
is given by
K(r) = RαβµνRαβµν = e
−q2/(mr)
4m2r10
[
q8 − 16mq6r + 96m2q4r2 − 192m3q2r3 + 192m4r4]. (44)
9We represent graphically the Kretschmann scalar in the right panel of Fig. 1. As we can see, the present so-
lution is asymptotically flat and regular at space infinity. One has limr→∞{ea(r), eb(r)} = {1, 1} and also
limr→∞{R(r), K(r)} = {0, 0}. The solution is clearly regular for finite nonzero values of r. Furthermore, the
solution is also regular at the origin of the radial coordinate. One has limr→0{ea(r), eb(r)} = {1, 1} and also
limr→0{R(r), K(r)} = {0, 0}. This shows explicitly the regularity of the solution.
Other interesting feature of the present solution is that it is a generalization of the solution presented in Eq. (17)
of Ref. [34]. This is seen by taking the particular case c1 = 0, in which case our Eqs. (41) and (42) turn into the
GR corresponding functions. Moreover, for c1 = 0 and c0 = κ
2/2, the electric intensity (43) reduces to Eq. (19)
of Ref. [34]. Function F 10(r) is plot in Fig. 2 (left panel), where it is seen the regularity of such a function at the
central core. The asymptotic behavior for large r of this and related functions is investigated in detail in Sec. A 1 of
Appendix A.
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Figure 2: Graphical representation of functions F 10(r) (left) and LNED(F ) (right), in the nondegenerated case, for
the values {m = 80, q = 10, c0 = 1, c1 = 2, κ2 = 8pi} of the solution (38).
A parametric plot of the Lagrangian density LNED(F ) in terms of the scalar F is shown in the right panel of Fig. 2.
The nonlinear character of such a relation becomes evident.
Functions f(R) and its derivative fR(R), given respectively by Eqs. (41) and (42), are represented graphically in
Fig. 3 for a particular choice of parameters. The nonlinear character of these curves reflects the fact that the gravity
theory is not general relativity. It is clear they are well behaved functions at the central core. More details on these
functions, in particular, on the asymptotic behavior at the spatial infinity are given in Appendix A.
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Figure 3: Graphical representation of functions f(R) (left), and the function fR(R) (right), in the nondegenerated
case, for the values {m = 80, q = 10, c0 = 1, c1 = 2, κ2 = 8pi} of the solution (38). Both functions are defined, i.e., are
real functions in the interval R ∈ (0,−13, 799.3].
In the regular black hole solution presented here, the metric functions {a(r), b(r)}, as well as the curvature scalars
{R(r),K(r)}, are identical to those presented in Ref. [34] that considered GR coupled to NED. However, the new
ingredient here, that guarantees we have a new solution, is exactly the function f(R) given in Eq. (41). It enters
the action integral modifying the gravitational part of the Lagrangian density, and generalizes also the nonlinear
Lagrangian density LNED(F ), which is modified because of the generalized Faraday-Maxwell tensor (43).
A further interesting analysis is to check if the present solution satisfies the energy conditions for the f(R) gravity
[32]. Substituting the function M(r) of the present model from Eq. (37) into the energy conditions (25)-(29), and
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taking into account Eqs. (30)-(32), we find
NEC1(r) = WEC1(r) = 0, (45)
NEC2(r) = WEC2(r) =
q2e−q
2/(2mr)
4mκ2r5
(
8mr − q2) , (46)
SEC(r) =
q2e−q
2/(2mr)
2mκ2r5
(
4mr − q2) , (47)
DEC1(r) =
1
2
DEC2(r) = 4×DEC3(r) = q
2
κ2r4
e−q
2/(2mr) . (48)
Therefore, the energy conditions are all satisfied in the region r ≥ (q2/4m), a lower bound on r imposed by the
strong energy condition, SEC(r) ≥ 0. The weak energy condition is satisfied if r ≥ (q2/8m), a lower bound on r
imposed by WEC2(r) ≥ 0. For the choices of parameters as those chosen for drawing the graphs of Figs. 1-3, namely
{q = 10,m = 80}, it follows that the SEC is violated for r < 0.3125, while the WEC is violated in the region
r < 0.15625. The region where these energy conditions are not satisfied is well inside the event horizon, since here we
have rH = 159.374. It is well known that the SEC is violated inside the horizon for the regular black hole solutions
in GR theory, while the WEC is in some cases violated throughout the spacetime. Restricting the preset solution
(38) to the GR theory, i.e., taking {c0 = 1, c1 = 0}, we see that both the SEC and the WEC are not satisfied in the
same regions as for the f(R) gravity theory. This is easily explained by noticing that the energy conditions (25)-(29)
do not depend on the parameters c0 and c1, and, moreover, the contributions from the functions f(R) and fR to the
effective energy density and pressures in Eqs. (30)-(32) are mutually canceled.
In the next section we shall present a new solution which violates only the SEC in a limited region of the spacetime.
D. Second new regular black hole solution
Consider now the following ansatz for the mass function,
M(r) = m
(
1 +
q2
4βmr
)−2β
, (49)
where m, q, and β are constant parameters. Such a model has been studied in Ref. [34] in the context of GR coupled
to NED theory. In GR it yields a black hole solution that is regular for β ≥ 3/2 and that also satisfies the WEC
for β ≤ 3/2. Hence, in the case where β = 3/2 it results in a regular black hole which does satisfy the WEC. Since
β = 3/2 is a boundary value for regularity and to satisfy the WEC within GR, we choose exactly this case to be
analyzed within f(R) gravity. Following the same steps as in the preceding section, we obtain
ea(r) = e−b(r) = 1− 432m
4r2
(q2 + 6mr)3
, (50)
K(r) = 4478976m
8
(q2 + 6mr)
10
(
q8 + 126m2q4r2 − 216m3q2r3 + 648m4r4) , (51)
R(r) = − 5184m
4q4
(q2 + 6mr)5
, (52)
F 10(r) =
(6mr)3
κ2 (q2 + 6mr)
5
{
72c0m
2q +
c1
q
[
18m2r(5q2 + 6mr)− (q
2 + 6mr)5
216m3r2
]}
. (53)
The present solution is asymptotically flat and regular at spatial infinity. One has lim
r→∞ {e
a(r), eb(r)} = {1, 1}
and also lim
r→∞{R(r), K(r)} = {0, 0}. The solution is also regular at the origin of the radial coordinate. One has
lim
r→0
{ea(r), eb(r)} = {1, 1} and also lim
r→0
{R(r), K(r)} = {−5184m4/q6, 4478976m8/q12}. This shows explicitly the
regularity of the solution.
We may use Eq. (52) to get r as a function of R what, after being substituted into Eq. (15) and integrated, furnishes,
f(R) = c0R+
216m3c1
q4
− c1
12m
[
2q2R+ 5(162m4q4)1/5R4/5
]
. (54)
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The present solution for f(R) shows clearly the deviation from GR due to the presence of the last term in Eq. (54).
If we take c1 = 0 and also c0 = κ
2/2 the GR theory is recovered. Notice also that in such a case the electric intensity
(53) is identical to Eq. (49) of Ref. [34]. The regularity of the functions at the central core is clear, while their
behavior for large r is investigated in detail in Sec. A 2 of Appendix A.
Here we analyse the energy conditions for the present solution. First we calculate the effective fluid quantities
ρ(eff), p
(eff)
r and p
(eff)
t respectively from Eqs. (30)-(32). The result is
ρ(eff)(r) = −p(eff)r (r) =
1296 q2m4
κ2 (q2 + 6mr)
4 , (55)
p
(eff)
t (r) =
−q2 + 6mr
q2 + 6mr
ρ(eff)(r). (56)
The behavior of each one of these functions in terms of the radial coordinate r is shown in the left panel of Fig. 4.
The radial pressure satisfies the relation p
(eff)
r = −ρ(eff), while the tangential pressure is positive for large r and
tends to −ρ(eff) at the center, where the effective fluid behaves approximately as an isotropic fluid satisfying a de
Sitter equation of state, p(eff) ' −ρ(eff).
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Figure 4: Graphical representation of the effective fluid quantities (left), and the functions ωr = p
(eff)
r /ρ(eff),
ωt = p
(eff)
t /ρ
(eff), p
(eff)
t /p
(eff)
r , and ωtot = (p
(eff)
r + 2p
(eff)
t )/ρ
(eff) (right), in the nondegenerated case, for the
values {m = 80, q = 10, c0 = 1, c1 = 2, κ2 = 8pi} of the solution (49).
The right panel of Fig. 4 shows the ratios between the fluid quantities ωr = p
(eff)
r /ρ(eff) (solid line), ωt =
p
(eff)
t /ρ
(eff) (dashed line), and p
(eff)
t /p
(eff)
r (dotted line). We plot also the ratio ωtot = (p
(eff)
r + 2p
(eff)
t )/ρ
(eff)
(dot-dashed line). It is seen that the ratio ωr is constant, ωr = −1. The ratio ωt varies from −1 (for r = 0) to 1 (for
r →∞). Similarly we get −1 ≤ p(eff)t /p(eff)r ≤ 1, and −3 ≤ ωtot ≤ 1.
Now, the energy conditions are found by substituting Eqs. (55)-(56) into Eqs. (25)-(29),
NEC1(r) = WEC1(r) = 0, NEC2(r) = WEC2(r) =
15552m5q2r
κ2(q2 + 6mr)5
, (57)
SEC(r) =
2592m4q2(6mr − q2)
κ2(q2 + 6mr)5
, (58)
DEC1(r) =
1
2
DEC2(r) =
1296m4q2
κ2(q2 + 6mr)4
,
DEC3(r) =
2592m4q4
κ2(q2 + 6mr)5
. (59)
The NEC, the WEC, and the DEC are satisfied in the whole spacetime. On the other hand, the SEC is not satisfied
in the region r < q2/6m. Once more, the SEC is violated only in the central core, inside the event horizon. For the
present case with {q = 10,m = 80} it follows q2/6m = 5/24 ' 0.208333, while the horizon is at rH = 159.374. In
conclusion, the only violated energy condition is the SEC, reproducing essentially the same result as the corresponding
solutions in GR coupled to NED theory. Again, we can see that the final expressions for the energy conditions do not
depend on the parameters of the f(R) gravity, i.e., they do not depend on c0 and c1 and, because of that, the results
are the same in both theories.
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IV. CONCLUSION
We presented a class of solutions to the f(R) gravity that generalizes some regular black hole solutions found in
GR theory. The energy-momentum tensor comes from a nonlinear electrodynamics theory minimally coupled to the
f(R) gravity. We have shown explicitly two solutions that are regular throughout the spacetime. The metric of
the two solutions approach the Reissner-Nordstro¨m metric far from the center, and possess also two free parameters
corresponding to the ADM mass m and to the electric charge q, respectively.
There is a third free parameter, c1, related to the f(R) function, such that the f(R) theory reduces to general
relativity when such a parameter vanishes. Moreover, by writing the resulting field equations for the f(R) gravity
in terms of the Einstein tensor, an effective energy-momentum tensor can be defined. The result is an anisotropic
perfect fluid. The effective energy density, radial and tangent pressures for the two new solutions analyzed do not
depend on the parameter c1, suggesting that the properties of the matter-energy content of these solutions are similar
to the corresponding geometries in general relativity theory.
In fact, the first solution violates the null and the weak energy conditions at the central region, well inside the
event horizon, whose size is given by the radial coordinate characterized by the ratio r0 = q
2/8m. These conditions
are violated in the region inside r0, r < q
2/8m. It also violates the strong energy condition in a spherical region
r < q2/4m. The second of those solutions satisfies all but the strong energy condition that is violated in a central
core well inside the event horizon, with r < q2/6m. These results are in agreement with the singularity theorems of
general relativity (see also [36]).
The regularity of the solutions is verified through the Ricci and Kretschmann scalars, assuring that there are
no spacetime (curvature) singularities. The asymptotic behavior of the physical quantities at the spatial infinity is
analyzed in view of the fact that two particular quantities, namely the derivative of the gravity Lagrangian density
df(R)/dR and the electric intensity F 10, diverge linearly at the limit r →∞. We show explicitly that all the relevant
physical quantities for both of the solutions are bounded and well behaved in the asymptotic limit.
As a further development in this line of investigation, we expect that the method employed here may be used to
obtain new interesting solutions, not only for regular black holes, generalizing those obtained in the context of general
relativity. A more careful and detailed analysis related to the energy conditions in f(R) seems necessary and, in fact,
is one of the subjects under investigation by ourselves.
The present line of work also opens the possibility of new applications to local astrophysical phenomena such as the
dark matter problem. For instance, a phenomenologically motivated mass function M(r) may be proposed to fit the
rotation curves of galaxies within some specific f(R) model. Other application of the strategy followed in the present
work is to simulate the mass distribution at the galactic bulge for a specific galaxy or some galaxy sample.
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Brazil, Edital MCTI/CNPQ/Universal 14/2014 for partial financial support. V. T. Z. thanks Fundac¸a˜o de Amparo
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Cient´ıfico e Tecnolo´gico of Brazil (CNPq), Grant No. 308346/2015-7, and Coordenac¸a˜o de Aperfeic¸oamento do
Pessoal de Nı´vel Superior (CAPES), Brazil, Grant No. 88881.064999/2014-01.
Appendix A: The asymptotic limit of the two new solutions
Here we explore the asymptotic limit r → +∞ of the two solutions presented above. The aim is to verify that the
solutions are regular in such a limit. We have already commented in the text that all the physical quantities related
to those solutions are regular everywhere in the spacetime. However, since some of the functions assume arbitrarily
large values at r → ∞ it is worth dwelling longer on this subject. To simplify analysis we define r = 1/x and then
write all the functions in terms of the new variable x. The asymptotic limit of interest is now x→ 0.
1. Analysis of the first solution
Let us start with the metric function ea(r) of the first solution discussed in Sec. III C. From Eq. (38),we get
ea(r) = ea(1/x) = 1− 2mx+ q2x2 +O (x3) . (A1)
After the hypothesis (13), eb(r) = e−a(r), the last equation implies the metric functions of the present solution approach
the Reissner-Nordstro¨m metric up to the second order in 1/r.
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On the other hand, function df/dR given by Eq. (15) is clearly divergent at the radial infinity. However, what
matters here is to verify whether such a divergence implies any kind of inconsistency in the physical and geometrical
quantities regarding the solutions obtained in the present work. In fact, the Lagrangian density of the f(R) gravity
theory is the function f(R) itself and, for the present case, it is given by Eq. (41). Expanding such a function in
powers of x = 1/r one gets
f(R) =
48m3
q4
c1 − 5q
4
8m
c1x
4 +O
(
x5
)
. (A2)
Hence, the gravity Lagrangian density tends to a constant which means no diverge problems at the radial infinity.
Let us now analyse the functions related to the nonlinear electrodynamics theory employed here. The starting point
is the Lagrangian LNED, whose asymptotic form, obtained from Eq. (19), for the model defined by Eq. (37), is
LNED = −24m
3
q4κ2
c1 − c1
κ2
x+O
(
x3
)
, (A3)
indicating that the NED Lagrangian density is also well behaved at the asymptotic limit. We see that the Lagrangian
LNED tends to a constant which exactly cancels the contribution from the gravity f(R) Lagrangian density at
first-order approximation, leading to a vanishing total Lagrangian density at the asymptotic limit, as usual for
asymptotically flat spacetimes.
Now, taking the approximate form for the derivative of the NED Lagrangian density with respect to the field F ,
from (20), we get
LF = −q
2κ2
c1
x3 +O
(
x4
)
, (A4)
which is also well defined at the asymptotic limit. The asymptotic form of the field F 10(r) for the present solution is
obtained from Eq. (43),
qκ2F 10 = 3 c1m− c1
x
+
q2
(
16mc0 − 5q2c1
)
x2
8m
+O(x3). (A5)
Even though this function diverges with r, the electromagnetic energy density, defined by the right-hand side of
Eq. (8) (divided by κ2), ρEM = LNED + q
2
r4L−1F , is well behaved at r →∞. In fact, we have
ρEM =
24m3
q4
c1 + 2c1x− 3mc1x2 +O
(
x3
)
, (A6)
which approaches a constant at the asymptotic limit. Furthermore, the electric induction field Dµν = ∂LNED/∂Fµν =
LFFµν (see, e.g., [37]) is also well behaved at the spatial infinity. In fact, we obtain
D10 = LF F 10 = qx2 − 3mqx3 +O(x4), (A7)
which vanishes according to q/r2, as expected for a pointlike electric source in an asymptotically flat spacetime. As
a matter of fact, this is a situation where the electric component of the Faraday-Maxwell tensor F 10(r) does not
fall-off as 1/r2 in an asymptotically Minkowskian spacetime (see, e.g., Ref. [38] for comparison with cases where the
nonvanishing asymptotic behavior of F 10(r) is connected to nonasymptotically flat spacetimes).
Moreover, we can verify that all the other physical quantities are also well behaved and regular everywhere in the
spacetime. An important quantity is the effective energy density ρeff , given by Eq. (30). Its asymptotic limit is
ρ(eff) =
q2
κ2
x4 +O
(
x5
)
, (A8)
what is well behaved at infinity and guarantees that the total energy of the solution is bounded. We have also
performed the analysis of the effective pressures, p
(eff)
r and p
(eff)
t , and verified that all the components of the
effective energy-momentum tensor are well behaved functions at the asymptotic limit.
As a further consistency check, we investigate the behavior of the equations of motion at r → +∞ (x→ 0). After
the choice (13) and, as a consequence, using the fact that d2fR/dr
2 = 0 (see Eq. (42)), it follows that Eq. (9) is
identical to Eq. (8), so that only Eqs. (8) and (10) are independent relations. In such a limit, the left-hand-side of
Eq. (8) is
24m3
q4
c1 + 2c1x− 3mc1x2 +O
(
x3
)
, (A9)
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showing no divergent term. The same result is found from the right-hand side of that equation. In turn, the asymptotic
limit of the left-hand side of (10) is
24m3
q4
c1 + c1x+O
(
x3
)
, (A10)
which is the same as the right-hand side of that equation at the asymptotic limit. These results show that there are
no divergent term in the equations of motion. Hence, even though the function fR(r) is unbounded at r →∞ all the
equations of motion are well behaved everywhere.
At last we check the asymptotic form of the Ricci and Kretschmann scalars. From Eqs. (39) and (44) we get,
respectively,
R = − q
4
2m
x5 +O
(
x6
)
, (A11)
K = 48m2x6 +O (x7) . (A12)
We finish this analysis emphasizing that all the geometric invariants and physical quantities of the solution presented
in Sec. III C are regular, the equations of motions show no divergence and are well behaved everywhere in the spacetime.
In this sense, we have found a fully consistent solution. The only unbounded functions are fR (see Eq. (42)) and the
nonlinear electric intensity F 10, given by Eq. (43). The divergence of fR does not imply any kind of divergence on
the physical and geometric properties of the spacetime. Moreover, the relevant physical quantities derived from the
nonlinear electrodynamics are well behaved functions: the electromagnetic energy density is bounded, the energy-
momentum tensor has no divergent terms, the total charge is finite (and constant), and the physical electric induction
D10 = ∂LNED/∂F 10 = LF F 10 also behaves as expected for a pointlike electrostatic source.
2. Analysis of the second solution
Now we consider the asymptotic behavior of the solution derived from the ansatz of Eq. (49) [see also Eq. (50)] and
presented in Sec. III D. As above, we express the functions in terms of the new variable x = 1/r.
As in the case of solution (38) the asymptotic form of the resulting metric at r → ∞ is the Reissner-Nordstro¨m
metric, with gtt = 1/grr ' 1− 2mx+ q2x2 − q4x3/3m, where we fixed β = 3/2.
The derivative of the gravitational Lagrangian density fR has the same form as in the case discussed in the last
section, and so it diverges linearly with r. What we shall analyse once again is whether such a divergence introduces
some inconsistency into the solution or not. First, using relation (16) and (49) we see that the Lagrangian density
f(R) is of the form
f(R) =
216m3
q4
c1 − 5q
4
6m
c1x
4 +O
(
x5
)
, (A13)
which tends to a constant.
The electromagnetic Lagrangian density LNED also tends to a constant. In fact, using relations (19) and (49) we
find
LNED = −108m
3
q4κ2
c1 − c1
κ2
x+O
(
x3
)
. (A14)
Once again, we see that, as f(R), the Lagrangian LNED is well behaved at the spatial infinity. As in the case of
Sex. III C, the total Lagrangian density 2κ2LNED + f(R) vanishes at the asymptotic limit, a common behavior in
asymptotically flat spaces.
Taking the same limit of the derivative of the electromagnetic Lagrangian density LF , from Eqs. (20) and (50) it
results the same form as in Eq. (A4), showing that it is a bounded function in the asymptotic limit.
The asymptotic form of the nonzero components of the Faraday-Maxwell tensor field F 10(r) = −F 01(r) (the electric
intensity) for the present solution is obtained from E. (53),
qκ2F 10(r) = 3 c1m− c1
x
+
q2
(
12mc0 − 5q2c1
)
x2
6m
+O(x3), (A15)
which has approximately the same form as in the first solution, and diverges linearly with r. However, the other
electromagnetic quantities, the ones that have direct physical meaning, are well behaved function. For instance, the
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electromagnetic energy density (8) for the solution of section III D, at the asymptotic region, assumes the form
ρEM =
108m3
q4
c1 + 2c1x− 3mc1x2 +O
(
x3
)
, (A16)
which tends to a constant. Moreover, the electric induction D10(r) is also well behaved at the spatial infinity. Indeed,
we find the same leading terms as in Eq. (A7), and the electric induction once again tends to q/r2, as expected for a
pointlike electric source in asymptotically flat spacetimes (see also the discussion following Eq. (A5) above).
Other interesting physical quantity, the effective energy density, is well behaved too. Its asymptotic form is obtained
from Eq. (30) [or from Eq. (55)] and the result is identical to the previous case, given by Eq. (A8). A similar analysis of
the effective pressures shows that all the components of the effective energy-momentum tensor are bounded function at
the asymptotic limit. Another important consistency check is related to the equations of motion, since the divergence
of functions fR and F
10 may induce singularities into the equations. Considering the solution (50) into Eq. (8), it
follows that both sides of such an equation tend to
108m3
q4
c1 + 2c1x− 3mc1x2 +O
(
x3
)
, (A17)
with no divergent terms and no other inconsistency is observed. As in the case of the first solution, Eq. (9) is identical
to Eq. (8). In turn, the left-hand side of Eq. (10) gives
108m3
q4
c1 + c1x+O
(
x3
)
, (A18)
which is identical to the result obtained for the expression on the right-hand side of that equation. This shows there
are no divergence nor inconsistencies in the equations of motions.
At last, the asymptotic form of the Kretschmann and Ricci scalars, from Eqs. (51) and (52), respectively, are
K = 48m2x6 +O (x7) , (A19)
R = −2q
4
3m
x5 +O
(
x6
)
. (A20)
With this we complete the analysis and verify that there no inconsistencies neither divergences of the physical and
geometric properties of the spacetime.
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